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O Abstract 

We calculate Wilson loops on boundaries of Lifshitz-like dual back- 
grounds with different scaling parameters, assuming existence of a field 
theory dual to string theory in the bulk. We consider scaling parameters 
to be variable quantities which are subject to cosmological evolution. 
It is observed that there are discontinuities in the classical string action 
at some values of the scaling parameters. 



Introduction 



Interest in theories with dynamical scaling and broken Lorentz invariance^ has recently been 
warmed up, driven by a number of observations. First, cosmological models with broken 
Lorentz invariance [l}j4] were shown to be useful tools for description of the early Universe; 
those models including extra dimensions [5jj7] appear to possess a very unusual spectrum of 
field perturbations. Second, a holography dual programme for Lifshitz-like theories has been 
outlined in [8] which uncovered many questions in gauge/gravity duality and possibilities to 
generalize it to a nonconformal case. Third, Horava's proposal on generalizations of Einstein 
gravity to spacetimes with nontrivial dynamical scaling [9] revealed a new prospective upon 
connection of gravity to string theory. There are, however, some obstacles in this direction 
(see [To] and others). 



The AdS/CFT correspondence 11 has been studied to a very high extent, and one of 
the reasons for this success is a large number of symmetries which are manifest on both sides 
of the duality. However, duality in the nonconformal case still requires further clarification. 
So far, only a few non-local objects in non-conformal gauge theories have been considered, 



e.g. Wilson loops in 12 ; it is a natural willingness to extend these considerations to a wider 
class of geometries. This is the goal of the current paper - we calculate Wilson loops on the 
holographic boundary of spaces with broken conformal invariance with a Lifshitz-like metric 
introduced in [6j[7]. 

The information one can get from a Wilson loop is quite rich. By analyzing Wilson 
(or Polyakov) loops, one can justify about renormalization group flows, color potential, 



confinement property and other important features 13 . We know a number of fascinating 
properties of some BPS and non-BPS loops in the Lorentz-invariant theory, namely, the 
possibility to obtain a Wilson loop at strong coupling from both parts of duality - - by 
ladder resummation from field theory [14], and by string area calculation from AdS/CFT 



correspondence 15 . According to Maldacena conjecture, to calculate a Wilson loop on the 



boundary, one should consider a classic worldsheet of a string which has the loop as its 



boundary 16 17 



Let us keep in mind that the correspondence between calculations of Wilson loops on 
the boundary and the area of the minimal surface in the bulk spanned over the loop is 



supposed to be true for the conventional AdS / CFT duality 16 where conformal invariance 
is unbroken. Our calculation is performed in the absence of the conformal symmetry in 
the bulk, therefore there are no guarantees that the above matching will take place. The 
legitimacy of our calculation can be questioned together with other holographic calculations 
which were performed in theories with a nontrivial dynamical scaling. We are not going 
to address this question in the current work; rather, we want to show that once Maldacena 
conjecture can be generalized to backgrounds with broken Lorentz invariance, the calculation 
we do may uncover some interesting physical phenomena. 

In this work we calculate Wilson loops which consist of two parallel long lines located 
apart from each other at some fixed distance. In the first case these lines are parallel to the 
time axis and in the second case they are parallel to the coordinate axis on the boundary. We 
then focus on the dependence of expectation values of the two Wilson loops we calculate on 



this paper we shall use "Lorentz invariance" and "conformal invariance" equivalcntly. 



2 



the scaling parameters (or anisotropy/Lorentz violating parameters). The difference between 
the two calculations shows how nontrivial dynamical scaling 

t^Xk, x^\ c x, (0.1) 

brings anisotropy in the bulk theory. We observe that dependence of the above Wilson loops 
on £ and ( possess discontinuities. 

The paper is organized as follows. In Sec. [T]we summarize some facts about backgrounds 
with broken Lorentz invariance we need for calculation of Wilson loops. Then in Sec. [2] 
we present calculations of space-like and time-like Wilson loops located on the boundary of 
backgrounds discussed in previous section. In the end we give conclusions and pose some 
questions. 



1 Backgrounds with Broken Lorentz Invariance 

In [7j a classification of static backgrounds with broken Lorentz invariance was given. Metric 
in question has the following form 

ds 2 = L 2 {-r^dt 1 + r 2 ^x 2 + ^ (1.1) 

where (t, x) are branelike coordinates and r is the extra dimensional (holographic) coordinate. 
It can be easily shown that there is no coordinate transformation which brings this metric 
to the conformal Minkowski metric unless £ = C This implies that Lorentz invariance is 



broken. In what follows we shall consider only 1 + 1 + 1 dimensional spaces of type (1.1) 
(i.e. x is one-dimensional). However, our considerations can be straightforwardly applied 
for 1 + d + 1 dimensional spacetimes as well. 



The solution (1.1) was first obtained in [6] and the parameters £ and ( are triggered by 



anisotropy of the bulk matter. Slightly later in 8 a microscopic description of the model 



has been discovered (see 18 where an exhaustive comparison of the two above solutions is 
made) . 



Let us mention that the whole family of spaces (1.1) have constant negative curvature 
which reduces many computational difficulties in gravity and field theory calculations. In 
principle one may think of more sophisticated metric, but, as is argued in (7], it will probably 
not bring too much new physics. 



The space of metrics of the form ( 1.1 ) parameterized by £, £ is shown in Fig. [TJ Evidently 



spaces parameterized by (1.1 ) comprise a one- dimensional family and keeping two parameters 
£ and £ is a redundancy nevertheless it enables us to monitor scaling properties of t and 
x independently. The model at the point A was elaborated in [7], the model corresponding 
to the point B was discussed in pi; the other known exact solutions include Lifshitz model 
(£ = 2, £ — 1) and its mirror dual (£ = 1, £ = 2). Surely, for £ = £ = 1 there exists the AdS 
solution. 



An interesting behavior of the metric ( 1.1 ) is observed when one of the parameters £ or £ 



or both become negative. Indeed, for positive £ and £ the UV boundary is located at r — > oo 



2 Onc can impose some constraint on them e.g. £ 2 + ( 2 = 1 
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Mirror Lifshitz 



Dubovskiy 



anti-AdS 



anti-KL 



Figure 1: The parameter space. All known exactly solvable models are schematically shown on a 
circle implicitly assuming £ 2 + £ 2 = 1 which is however not necessary. Mirror line £ = £ illustrates 
mirror transformations as reflections with respect to it. Thus Lifshitz model has its mirror dual 
and the KL model is mirror dual to the Dubovsky model. Models with signs of £ and £ flipped are 
called anti-models. 

and is two dimensional. However, if, say, £ < then the x direction shrinks as we approach 
the UV boundary and the boundary becomes effectively one-dimensional. In the opposite IR 
limit r — > due to r 2 ^ — > oo, x-direction expands. In the next section we shall calculate two 
Wilson loops located at the UV boundary and investigate how these loops depend on scaling 
parameters £ and £. It is natural to expect that something interesting should happen when 
these parameters passes through the origin. Further calculations confirm this conjecture. 



2 Wilson Loops 

We start with the metric fll-ip and work with the Nambu-Goto action 



S = J Jdetd a X A dpX B g AB dadT, (2.1) 
where X A are embedding coordinates, r, a are worldsheet coordinates, and qab is target 



space metric ( 1.1 ). 
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We calculate each of the two loops depicted in Fig. [2] — a time-like and a space-like loop. 
Calculations in these cases can be done analytically for any value of the scaling parameters 
The goal is to study the dependence of classical action (2.1) on £, £. 




Figure 2: Geometry of space-like (left plot) and time- like (right plot) Wilson loops. 



The meaning of the time-like loop calculation is clear - it represents interaction of two 
static quarks located at some distance apart from each other. However, the space-like loop 
corresponding to instantaneous propagation does not have any immediate interpretation. A 



space like loop in a theory with metric (1.1) is equal to the time-like loop in the mirror 
theory with metric]^] 

dr 2 * 



ds 2 = L 2 r 2 <dt 2 + r*dx 2 + 



(2.2) 



Therefore, we may calculate the both Wilson loops for a particular metric, e.g. (1.1) and 



interpret the result for the space-like loop as the answer for the time-like loop in the mirror 



theory (2.2). 



For the surfaces we consider here the embedding function has the following form 

X A = (r a r(r,a)) , (2.3) 
where worldsheet coordinates r, a are trivially mapped onto (t, x) plane at some constant 



value of r, e.g. onto the UV boundary. The action (2.1) for the above embedding reads 



(2.4) 



This action remains the same if we interchange 



-> x 



(2.5) 



simultaneously. However, a different functional can be obtained if only one of the above 
transformations is performed. We shall refer to either of those transformations as mirror 
transformations and shall use them to obtain mirror solutions. 



3 From now on we shall use Euclidian signature 



5 



In the current paper we shall calculate only rectangular loops, so dependence on one of 
the parameters r or o is trivial for these loops. Let us first consider the time-like Wilson 
loop, then the Nambu-Goto action has the following form 

S = J dcrdrVr 2 ^ + r 2 «-V 2 , (2.6) 

and time derivative f vanishes. Translational invariance along t direction enables us to find 
the following conserved charge 

n = — ^=. (2.7) 

It allows us to obtain the solution in quadratures 

R u\ 

da = r~ c / ; 2.8 

uo 

where u = r/r and = Ti. The integration limits in the r.h.s. depend on the scaling 
parameters. Evidently in order to have a finite real-valued solution there will be different 
regimes for £ + 2( > and £ + 2( < 0. Let us consider these cases separately. 



UV configuration: £ + 2£ > 0. In this case integration limits in (2.8) are uq — 1, u\ — 
+oo and the loop is located at the UV boundary u — U\. Performing the integration we 
obtain the boundary conditions 

+ T a J^r ( 

R = r C / = r C / : y . 2.9 

1 ^ l2£+20 



Making use of (2.9), on-shell action (2.4) becomes 

oo 

,2£+C-l 



/ u - 

S = 2T.24jiu - / == , (2.10) 

1 

where T 3> R is the length of Wilson lines along t direction. Here reguralization of the above 
integral is needed. Recall that in order to obtain physical result for the calculation of the 
area we need to subtract the contribution of free quarks i.e. twice the area of planes x = ±R 
which span t and r directions. Namely, 

+oo / +oo 1 

AT * f du AT * / f f u 2 ^' 1 1 \ r du 



S ^ = S -RPC r o J ^ = Wc ro \J dU {VuW^l-^)-J ^1 ' (21i: 

\ 1 



which, due to the last term, requires £ > 0. Finally we obtain 



m-c r i 

reK Va > Sj rip it c^c , / ^ 

2C+2C 



^/C2£ + 2C r ^ 



( 2^+2C 



(2.12) 
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Note that convergence of the normalization integral in the above calculation restricts the 
domain of scaling parameters allowing to obtain a finite result. It remains unclear how to 
interpret the calculation in the region where the normalization integral diverges. 



IR configuration: £ + 2£ < 0. Here the integration limits in (2.8) are uq = 1 and u\ — 



and the loop is located at the IR boundary. Carrying out the calculations analogously to the 



UV case we obtain the same solution as (2.12) but with signs of £ and ( flipped. This shows 



us the the IR configuration is isomorphic to the UV configuration under appropriate mapping 



of the scaling parameters. Performing renormalization along with (2.12) we can observe that 



it is possible only for £ < which restricts the domain of allowed scaling parameters. Thus 
we state that 

C g (^0 = -S r u J(-£,-C) (2.13) 



provided that £ + 2C<0,£<0. 

To summarize our understanding of the region where the solution exist we draw a picture 
similar to Fig. [I] but with UV and IR regions marked Fig. [3] 




Mirror Lifshitz 



£ 1 Dubovskiy 



anti-AdS 



anti-KL 



Figure 3: Regions in the parameter space where renormalized classical action exists. UV and IR 
configurations are emphasized. 



Mirror Solutions. As was argued above, the transformations (2.5 ) may lead us to different 



solutions in mirror metric. Thus if we apply both transformations, the actions ( 2.12|2.13 ) are 
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to be interpreted as solutions for a space-like Wilson loop in the mirror metric to (2.2). In 



order to find the solutions for the space-like loop in the original metric (1.1 ) and equivalently 
for the time-like loop in the mirror metric (2.2) we need to interchange £ and £ in ( 2.12|2.13 ). 

Various plots showing dependence of S Teg the action on the scaling parameters are pre- 
sented in Fig. |4j 
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Figure 4: Dependence of classical action on £ for £ = |, 1, |,2 (top left, top right, bottom left, 
bottom right plots accordingly). All plots correspond to the UV configuration. The solution does 
not exist where no plots are drawn due to renormalizability problems. An interesting phenomena 
occurs when £ passes the point | where two branches merge and then again separate. Only at this 
point the solution becomes continuous and it remains discontinuous otherwise. 



3 Conclusions and Outlook 

In this paper we have calculated rectangular time-like and space-like Wilson loops located 
on the boundary of Lifshitz spacetime upon assuming existence of its holography dual. We 
investigated dependence of the classical actions on the scaling parameters and observed 
discontinuities at some values of these parameters. These discontinuities may be related to 
some phase transitions, caused by the variation of the space-time geometry. 

Another novel observation was made concerning the IR configurations. Namely, we 
showed that due to renormalization issues, not at all values of scaling parameters a solution 
for a Wilson loop at the UV boundary exists. A natural proposal here is to move to the IR 
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boundary which, due to a nontrivial dynamical scaling, also exists. Then one can pose the 
same boundary problem but instead for the IR configuration. We explicitly found a solution 
for the IR configuration. Nevertheless there still exists a region of parameters (nonshaded 
regions in Fig. [3]) where renormalization by means of infinitely heavy quarks fails to work. It 
remains unclear how to interpret a calculation of minimal area of the surface spanned over 
the Wilson loop on either of the boundaries. 

We have observed an interesting dependence of Wilson loops on the scaling parameters 
£, C) however, one may ask, why does one need to care about £, ^-dependence if each time we 
study a theory with fixed value of the scaling parameters? Certainly the observed dependence 
makes sense if z = C — £ is a dynamical parameter i.e. we deal with some cosmological 
scenario, and metric depends on time, for instance, as follows 

ds 2 = L 2 (-f{r, tf^dt 2 + f(r, tf^dx 2 + ^ , (3.1) 

or, perhaps, in a more intricate way. Dramatic changes of a theory on the boundary should 
happen when either £ or ( passes its junction points which were discussed earlier. In a 
nonabelian gauge theory these junctions may be related to some phase transitions under 
which interaction of constituent particles is abruptly changed. Here we do not claim our 
understanding of the details of these transitions, rather, we want to point out their existence. 

Thus, one needs to build up a cosmological setup which employs the above metric and 
solves the corresponding Einstein equations. Recall that existence of such a solution is 
crucial for some cosmological scenarios with broken Lorentz invariance [lip] which use a 



metric similar to (3.1). By now no such solution has been found, but, hopefully, due to 
recently discovered microscopic description [§], searching for this solution is within reach. 

The analysis performed in this paper should be complemented by calculation of Wilson 
loops of other configurations as well as interaction of Wilson loops with each other and local 
operators. Certainly, a very good argument to confirm (or disprove) our findings would be to 
elaborate the dual gauge theory explicitly, to study a Wilson loop by means of ladder diagram 
resummation and to observe its £, (^-dependence. Unfortunately, we lack a field-theoretical 
description of the corresponding dual gauge model so far. 



Note added. While working on the current paper we were unaware of the result [19] where 
the time-like rectangular Wilson loop had been calculated. The authors had obtained the 
dependence of the classical action for the metric with one single scaling parameter (critical 
exponent). In our contribution we have generalized this result to the wider class of back- 
grounds with two scaling parameters and showed that dependence on both parameters is 
important for the classical action (see Fig. [5]). 
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